Abstract. The representation number r Q (m) is the number of integral representations of the integer m by the integral quadratic form Q over a global number field. The main obstruction to obtaining information about representation numbers is that global integrally inequevalent forms might nevertheless be equivalent over every local field (i.e. in the same genus). This failure of the localglobal principle seems to rule out the use of local data to calculate representation numbers of individual forms and limit us to formulas representing averages in terms of local data. Such is the case with the famouse Siegel formula [9], [10], [11]
our result looks simmilar except that the sum is twisted by a character.
(0.2)
Note that like the Siegel formula the right hand side is given in terms of local data. The percise restrictions on the applicability of our formula will be spelled out below. We will also describe a situation where we can actually derive formula for individual representation numbers in terms of local data and give an example.
Notation and Basic Definitions
We will generally follow the notation in [7] . Let F be a number field and O its ring of integers. Let A = A F be the ring of adeles of F and denote a completion of F by F v . Also, fix a non-degenerate quadatic form Q ∈ F[x 1 , x 2 , x 3 ] with integral coefficients.
Let V be the quadratic space F 3 with a basis e 1 , e 2 , e 3 and let Q also denote the quadratic form on V defined by Q(a 1 e 1 + e 2 v 2 + e 3 v 3 ) = Q(a 1 , a 2 , a 3 ). A full rank Lattice L ⊂ V with basis {l 1 , l 2 , l 3 } defines a quadratic form Q L ∈ F[x 1 , x 2 , x 3 ] by Q L (a 1 , a 2 , a 3 ) = Q(a 1 l 1 + a 2 l 2 + a 3 l 3 ). In fact, a lattice L corresponds to a set of integrally equivalent forms which correspond to different choices of a basis for L. Evidently, the lattice L 0 := O{e 1 , e 2 , e 3 } gives rise to the form Q. For an integer m ∈ O, the number of points x ∈ O 3 such that Q(x) = m is called the representation number of m with respect to Q and is denoted by r Q (m). Notice that the representation numbers of integrally equivalent lattices are equal and therefore lattices are the correct objects to consider when looking for representation numbers. Definition 1.1. Let L ⊂ V be a lattice of full rank. The genus of L is the set of lattices K ⊂ V such that the local lattices
note the the local equivalence does not mean that L is isometric to K with respect to Q. Definition 1.2. Let Q 1 and Q 2 be two quadratic forms corresponding to two lattices L 1 and L 2 . Q 1 and Q 2 belong to the same genus of forms (or simply a genus) if the latttices L 1 and L 2 belong to the same genus.
Another convinient way to describe the genus of L is as the orbit of the Adelic orthogonal group of (V, Q),
The stabilizer of L 0 under this action is denoted by O A (L 0 ) and O(A) can be decomposed as the coset space
The h i in this decomposition are the representatives of the lattices in the genus of L 0 which we denote by
The corresponding forms are denoted by
For every ternary quadratic form Q, there is a quaternion algebra B = B(F) such that, with the right basis, Q is the reduced norm of the algebra on the space of trace zero quaternions. We let B be the algebra that corrresponds to the form Q which we fixed and identify V with the space of trace zero quaternions. The group H(A) := B × (A) acts on V(A) ⊂ B(A) by conjugation h · x = hxh −1 . This action identifies A × \H(A) with SO(3)(A). There are two possible isomorphism classes of the local algebras B v = B(F v ). At almost all v we have B v ≃ M 2 , the algebra of 2 × 2 matrices and B v is called unramified. At a finite (even) number of places v, the algebra B v is isomorphic to a division algebra and we say that B v is ramified.
The Calculation
The basic set up for our calculation is the same as in [7] and [4] . We use is a lift of a one dimensional automorphic representations (automorphic characters) from the group O(A) to the group SL 2 (A). We will then use the correspondence between automorphic forms and classical modular forms (see [2] ) to obtain information about actual modular forms. To construct the characters we will lift, let χ be a quadratic character of
In fact there is a unique extension of χ • Q to O(A) which lifts to a nonzero form but this point will not concern us in this paper.
Recall that the lift of the character χ • Q is a space of automorphic forms on SL 2 (A), each given by an integral of a Schwartz function f ∈ S(V(A)) multiplied by a theta kernel. The function f which gives rise to the modular form from which we extract information is given by f = Π v f v where for every finite
Remark 2.1. if more than one real spot then pick one and make trivial at other spots, right ? Definition 2.2. Let ω be the Weil representation of SL 2 (A) on the space S(V(A)). The theta kernel defined for a Schwartz function f ∈ S(V(A)) a group element g ∈ SL 2 (A) and an h ∈ O(A) is
With that we can define the theta lift of the character χ • Q Definition 2.3. In the lift of the automorphic character χ • Q the Schwartz function f gives rise to the automorphic form of g ∈ SL 2 (A)
In order to benefit from the decomposition of O(A) (1.1) the character χ must be compatible with Q in the following way:
The form Q and the character χ are said to be compatible if Q integrally represents an element in the square class of κ and for every h ∈ O A (L 0 ) we have χ(Q(h)) = 1.
For Z ∈ H the upper half plane we define the function
This function is a modular form of weight 3/2 and it is not too hard to see that its Fourier expansion is
As in the calculation in [7] , when the character χ is compatible with Q we get that for g = (g ∞ , 1 . . .)
where O(h i L 0 ) is the finite group of integral automorphisms of the lattice h i L 0 . Next we have as in the bottom of page 3 in [7] that the corresponding modular form is
In the notation of [5] , equation (2.2) is the modular form corresponding to the automorphic form I V (χ, f ) where f = f L 0 defined above. The main result of [5] is that
Where I U (µ, f 0 ) is an automorphic form coming from the lift of the character µ from the one dimensional space U. Therefore we would like to describe I U (µ, f 0 ) and the modular form corresponding to it. From [5] we have that
where ω 0 is the Weil representation of SL 2 (A) on the Schwartz space S(U(A)). Another result of [5] is that the function f 0 = Π v f 0,v is defined by the factors f 0,v ∈ S(U(F v )) given by the local equation
Where the element x 0 is any vector in V(F) such that Q(x 0 ) is in the square class of κ, the quantity that defines χ and T x 0 is the stabilizer of x 0 in H(F v ). 1 To simplify (2.3) we need to calculate f 0,v for all v.
Since at all finite v, f v is the characteristic function of the lattice L 0,v . If we pick x 0 ∈ V such that if q ∈ F q / ∈ O then qx 0 / ∈ L 0 then by lemmas 39 in [5] (the fundamental lemma) we get that at all places where χ v and B v are unramified, f 0,v is the characteristic function of O v . In addition, by lemma 36 in [5] , at places v where B v is ramified, if |x| v is small enough then f 0,v (x) = 0.
By a calculation carried out in [5] we have that for f ∞ (x) = exp(−2πQ(x)) when Q is positive definite we get f 0,∞ (r) = r exp(−2πκr
2 ). putting that together with (2.3) and evaluating at g = (g ∞ , 1, 1...) we get that
Where S is the finite set of places where f 0 is not the characteristic function of L 0,v . Note also that the expression is up to scalar C which depends on the normalization of the measure on H(A). If we consider the modular form we obtain, from the above automorphic form we get that
In [5] it is proved that f 0 defined above is even, using that and a comparison of (2.5) with (2.2) we get our result Theorem 2.5. Let χ = χ κ be a multiplicative character of F × given by χ(a) = v (a, −κ) v . Let Q be an integral quadratic form with lattice L 0 such that Q is compatible with χ in the sense of definition 2.4. Then
Where S is the finite set of places where the lattice L 0,v is not split or the character χ κ is ramified.
In some situations it is possible to use this result to obtain formulas for representation numbers of single forms, as opposed to averages over the genus.
Example
We start with the form
Using the Kneser neighbuor method [6] implemented by a computer program written by Schulze Pilot [8] we get that the genus of this form has one additional form
and |O(Q 1 )| = |O(Q 2 )| = 8. In order to find a character compatible with the form we need to considet the set Q(O Qv (L 0 )) for every v. These are the spinor norms of the stabilizers of the local lattices and they are described in [1] and [3] . In particular, lemma 3.3 p. 208 in [3] says that for the form Q, at all odd primes
2 . This means that in order for a character χ κ to be compatible with the form Q it must be trivial on O
2 for all odd v. That is, (−k, a) v = 1 iff ord(a) is even, i.e. ord(−κ) is also even. The spinor norms of the stabilizers of the lattice over Q 2 is given by theorem 2.7 in [1] and in our case it is equal to the kernel of χ −1 . Therefore the character χ = χ 4 is trivial on the stabilizer of the lattice and since Q 1 represents 4 the charater is compatible with Q 1 . To further evaluate equation (2.6) we use the 'fundamenta lemma' of [5] which says that whenever L 0,v is a split lattice and the character χ κ is unramified then f 0,v is the characteristic function of O v . The lattice of the form Q 1 is split at all odd primes and the character χ 4 is unramified at all odd primes. Therefore for the genus of two forms Q 1 and Q 2 , equation (2.6) becomes.
We can simplify the evaluation of equation (3.3) by noticing the dependance of (3.4) on x. It is not hard to see that if n is an odd number then
Next, it is clear that neither of the forms Q 1 or Q 2 can represent odd numbers. These observations gives us the right hand side of (3.3) for all integers m = 2 j n for n odd all odd powers j as well as j = 0, 2. For the remaining even powers of j we use lemma 5.11 in [5] which says that at a prime v where χ is non trivial and the lattice L 0,v is non split (such is the case at v = 2 in this example) then f 0,2 (2 j n) vanishes for large enough j. The value j such that f 0,2 (2 l n) = 0 for all l ≥ j can be determined following the proof in [5] . The condition for vanishing is that if v ∈ V (Q 2 ) and Q 1 (v) = 2 j n then v ∈ L 0,2 . In our case this amounts to verifying that the solutions to 4α 2 +16β 2 +64γ 2 = 2 j n must be 2-adic integers for all j ≥ 6. The remaining cases of m = 4, 16 are calculated by directly calculating r Q 2 (4) = 0, r Q 2 (16) = 4, r Q 1 (4) = 2, ; r Q 1 (16) = 4. Using equation (3. 3) this gives that 8Cf 0,2 (2) = 1 and 8Cf 0,2 (4) = 0 and we finally get that
We can combine (3.6) and the Seigel formula (0.1) to find expressions for r Q 1 (m) and r Q 2 (m) which depend only on local calculations. The Seigel formula for the genus in this example is
Where the product is taken over all primes. The β v (m) are the local densities defined by Seigel and they were calculated explicitly in [12] . Thus we have obtained the following
These formulas give the representation numbers in terms of local factors but we can do a little better with a recursion formula and reduce the calculation to a finite number of factors. First of all, the product of the archemedian factors is given as C √ m where C is some constant which does not depend on m. Next, In the notation in [12] 
